
Counterexamples in Probability: A
Comprehensive Guide
Probability theory is a branch of mathematics that deals with the study of
random events and their likelihood of occurrence. It finds applications in a
wide range of fields, including statistics, finance, and engineering.

In probability theory, a counterexample is an example that contradicts a
general statement or theorem. Counterexamples play an important role in
the development of probability theory by helping to identify the limitations of
existing theories and suggesting new directions for research.

In this article, we will explore the role of counterexamples in probability
theory and provide several examples to illustrate their importance.
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Identifying the limitations of existing theories: Counterexamples
can show that a particular theorem or statement is not always true.
This can lead to the development of new theories that are more
general and accurate.

Suggesting new directions for research: Counterexamples can
highlight areas where there is a lack of understanding or where new
theories are needed. This can stimulate research into new areas of
probability theory.

Promoting clarity and rigor: Counterexamples force mathematicians
to be more precise in their statements and to identify the assumptions
that underlie their theories. This helps to promote clarity and rigor in
probability theory.

Here are a few examples of counterexamples in probability:

The Borel-Cantelli Lemma: The Borel-Cantelli Lemma states that if a
sequence of independent events has an infinite expected number of
occurrences, then the event that infinitely many of the events occur
has probability 1. However, the following counterexample shows that
this is not always true:

Let (A_1, A_2, \ldots) be a sequence of independent events such that
(P(A_n) = \frac{1}{n^2}). Then the expected number of occurrences of the
events is infinite:

$$\sum_{n=1}^\infty P(A_n) = \sum_{n=1}^\infty \frac{1}{n^2}= 1$$



However, the event that infinitely many of the events occur has probability
0:

$$P\left(\limsup_{n\to\infty}A_n\right) = P\left(\bigcap_{n=1}^\infty
\bigcup_{k=n}^\infty A_k\right) = P(\emptyset) = 0$$

The Strong Law of Large Numbers: The Strong Law of Large
Numbers states that the sample mean of a sequence of independent
and identically distributed random variables converges to the expected
value of the random variables with probability 1. However, the following
counterexample shows that this is not always true:

Let (X_1, X_2, \ldots) be a sequence of independent and identically
distributed random variables with (P(X_n = 1) = P(X_n = -1) = \frac{1}{2}).
Then the expected value of the random variables is 0:

$$E(X_n) = 1 \cdot P(X_n = 1) + (-1) \cdot P(X_n = -1) = 0$$

However, the sample mean does not converge to the expected value with
probability 1:

$$P\left(\lim_{n\to\infty}\frac{X_1 + X_2 + \cdots + X_n}{n}= 0\right) = 0$$

The Central Limit Theorem: The Central Limit Theorem states that
the distribution of the sample mean of a sequence of independent and
identically distributed random variables approaches the normal
distribution as the sample size increases. However, the following
counterexample shows that this is not always true:



Let (X_1, X_2, \ldots) be a sequence of independent and identically
distributed random variables with (P(X_n = 0) = P(X_n = 1) = \frac{1}{2}).
Then the distribution of the sample mean does not approach the normal
distribution as the sample size increases:

$$P\left(\frac{X_1 + X_2 + \cdots + X_n}{n}= \frac{k}{n}\right) =
\begin{cases}1 & \text{if }k \text{ is even}\\ 0 & \text{if }k \text{ is
odd}\end{cases}$$

Counterexamples play an important role in the development of probability
theory by helping to identify the limitations of existing theories and
suggesting new directions for research. They force mathematicians to be
more precise in their statements and to identify the assumptions that
underlie their theories.

This article has provided a brief overview of the role of counterexamples in
probability theory and has given several examples to illustrate their
importance. We encourage readers to explore this topic further by reading
the references listed below.

Counterexamples in Probability by David Stirzaker

A Course in Probability Theory by Kai Lai Chung

to Probability by Charles Moler
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